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We propose an efficient single-photon router comprising two resonator waveguide channels coupled
by several sequential cavities with embedded three-level atoms. We show that the system can
operate as a perfect four-way single-photon switch. We also demonstrate that an incident single-
photon propagating in one of the waveguides can be routed into one or the other output channels;
such routing can be controlled by the external classical electromagnetic field driving the atoms. We
argue that, under appropriate conditions, the efficiency of such routing can be close to 100% within
a broad operational bandwidth, suggesting various applications in photonics.
PACS numbers: 42.50.Ex, 03.65.Nk, 03.67.Lx, 78.67.−n
I. INTRODUCTION
In the last years, there has been significant progress in
the control of hybrid light-matter systems at the frontier
between quantum optics and physics of condensed mat-
ter. Some examples of these hybrid quantum systems
are electrodynamic cavities, cold atoms coupled to light,
opto-mechanical devices, and atoms embedded in quan-
tum cavities [1–4]. The coupled resonator waveguides
(CRWs) provide a platform to study the light-matter in-
teraction with high precision [5]. Atoms in CRWs circuits
bring the possibility to investigate the photonic quantum
transport with very high sensitivity. Photons, in compar-
ison with other possible information carriers such as elec-
trons, can sustain quantum coherence for vast distances,
which makes them excellent candidates for transferring
and manipulating quantum information [6–9]. Hence
single-photon transport through CRWs has received con-
siderable attention in the last decade.
One of the most relevant devices for the operation of a
quantum network is a quantum router (QR), whose pri-
mary function in the simplest configuration is to send or
route an incident photon into one of the two output chan-
nels [10]. Recently, there have been several theoretical
and experimental proposals for quantum routers based
on several different structures, such as CRWs [11–16],
whispering gallery resonators [17–21], waveguide-emitter
system [22, 23], superconducting qubit [24] and quantum
electrodynamics system [25, 26]. In the latter context,
Zhou et al. [11, 12] proposed an experimentally accessible
single-photon routing scheme comprising two quantum
channels connected by a resonant cavity with a single-
type three-level atom embedded into it. It was demon-
strated that the output channel for a propagating wave
packet could be selected by applying a classical electro-
magnetic field to the atom. Based on the above men-
tioned works, several proposals have emerged, such as
quantum memories and quantum gates [13, 20] to name
a few examples. However, all these proposals have con-
siderable limitations such as relatively low efficiency of
switching between output channels and narrow opera-
tional bandwidth.
In the present paper, we propose a device design that
circumvents the limitations mentioned above. We con-
sider two CRWs coupled by several sequential cavities
with embedded three-level atoms. We demonstrate that
such a device can operate in two different modes: (i) An
incident photon is routed into one of the four channels
with equal transmission probability of 1/4 and (ii) one
of the two output channels is selected by the external
classical electromagnetic field driving the atoms. In the
latter case, the transmission probability in the selected
channel is close to unity within a broad band of photon
energies and a wide range of parameters.
II. MODEL
Our proposed system is depicted schematically in
Fig. 1. The system comprises two channels: CRW-a
and CRW-b (shown as red and blue chains in Fig. 1),
each being a quasi-one-dimensional array of identical
optical cavities with nearest-neighbor coupling. A sec-
tion of N sequential sites of the two waveguides (num-
bered 1, 2, . . . , N) are coupled via cavities with embedded
three-level atoms. Each atom has a ground state |g〉, an
excited state |e〉 and a third state |s〉. The transition
|g〉 ↔ |e〉 of each of the atoms is dipole-coupled to the
cavity modes of the nearest CRW–a and CRW–b with
coupling strengths ga and gb, respectively. The atomic
transition |g〉 ↔ |s〉 is forbidden. Finally, an external
classical controlling field of frequency ν drives the tran-
sition |g〉 ↔ |e〉 with the Rabi frequency Ω.
The total Hamiltonian of the system can be split into
three terms, H = Hab+HA+Hint. Hab describes the pho-
ton propagation through the CRW–a and CRW–b and
is given by the tight-binding bosonic model. HA is the
free Hamiltonian of the three-level atoms. Hint describes
the atom, field cavities, and classical field interaction. A
Jaynes-Cummings Hamiltonian represents this interac-
tion term under the rotating wave approximation. Thus,
the various terms of the Hamiltonian are given by (~ = 1
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−1<latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit>
−2<latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit>
N<latexit sha1_base64="C52/Q2qYJI/RnHRcBy5ILz8XDbM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MaVJGAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztq3PfLFbfqLsRWwcuhArnq/fJnb5CILMKYhOLGdD03JX/KNUmhcFbqZQZTLsZ8iF2LMY/Q+NPFojN2Fiaa0QjZ4v07O+WRMZMosJmI08gse/Phf143o/Dan8o4zQhjYSPWCzPFKGHzvmwgNQpSEwtcaGm3ZGLENRdkr1Ky9b3lsqvQuqh6btVrXFZqN/khinACp3AOHlxBDe6gDk0QgPAMb/DuDJwn58V5/YkWnPzPMfyR8/ENnI2KZw==</latexit><latexit sha1_base64="C52/Q2qYJI/RnHRcBy5ILz8XDbM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MaVJGAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztq3PfLFbfqLsRWwcuhArnq/fJnb5CILMKYhOLGdD03JX/KNUmhcFbqZQZTLsZ8iF2LMY/Q+NPFojN2Fiaa0QjZ4v07O+WRMZMosJmI08gse/Phf143o/Dan8o4zQhjYSPWCzPFKGHzvmwgNQpSEwtcaGm3ZGLENRdkr1Ky9b3lsqvQuqh6btVrXFZqN/khinACp3AOHlxBDe6gDk0QgPAMb/DuDJwn58V5/YkWnPzPMfyR8/ENnI2KZw==</latexit><latexit sha1_base64="C52/Q2qYJI/RnHRcBy5ILz8XDbM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MaVJGAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztq3PfLFbfqLsRWwcuhArnq/fJnb5CILMKYhOLGdD03JX/KNUmhcFbqZQZTLsZ8iF2LMY/Q+NPFojN2Fiaa0QjZ4v07O+WRMZMosJmI08gse/Phf143o/Dan8o4zQhjYSPWCzPFKGHzvmwgNQpSEwtcaGm3ZGLENRdkr1Ky9b3lsqvQuqh6btVrXFZqN/khinACp3AOHlxBDe6gDk0QgPAMb/DuDJwn58V5/YkWnPzPMfyR8/ENnI2KZw==</latexit><latexit sha1_base64="C52/Q2qYJI/RnHRcBy5ILz8XDbM=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MaVJGAekAyhp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJdna57G+pWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmSTTApsiUYnuBNygkjE2SZLCTqqRR4HCdjC+nfvtR9RGJvEDTVL0Iz6MZSgFJztq3PfLFbfqLsRWwcuhArnq/fJnb5CILMKYhOLGdD03JX/KNUmhcFbqZQZTLsZ8iF2LMY/Q+NPFojN2Fiaa0QjZ4v07O+WRMZMosJmI08gse/Phf143o/Dan8o4zQhjYSPWCzPFKGHzvmwgNQpSEwtcaGm3ZGLENRdkr1Ky9b3lsqvQuqh6btVrXFZqN/khinACp3AOHlxBDe6gDk0QgPAMb/DuDJwn58V5/YkWnPzPMfyR8/ENnI2KZw==</latexit>
N + 1
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−1<latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit>
−2<latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit>
N + 2
<latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit>
N + 3
<latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit>
N + 1
<latexit sha1_base64="P8dE69bai1WlNrgtqT46V7w1c6Q=">AAAB5HicbZDLSgNBEEVrfMb4irp00xgEQQgzIugy6MaVRDQPSELo6dQkTXoedNcIYcgf6ErUnV/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHWSZLCVqKRh77Cpj+6nvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vq9Uplt+LOxBbBy6EMuWq90menH4s0xIiE4sa0PTehbsY1SaFwUuykBhMuRnyAbYsRD9F0s9mqE3YcxJrRENns/Tub8dCYcejbTMhpaOa96fA/r51ScNnNZJSkhJGwEesFqWIUs2lj1pcaBamxBS60tFsyMeSaC7J3Kdr63nzZRWicVTy34t2dl6tX+SEKcAhHcAIeXEAVbqAGdRAwgGd4g3cncJ6cF+f1J7rk5H8O4I+cj29waYrX</latexit><latexit sha1_base64="P8dE69bai1WlNrgtqT46V7w1c6Q=">AAAB5HicbZDLSgNBEEVrfMb4irp00xgEQQgzIugy6MaVRDQPSELo6dQkTXoedNcIYcgf6ErUnV/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHWSZLCVqKRh77Cpj+6nvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vq9Uplt+LOxBbBy6EMuWq90menH4s0xIiE4sa0PTehbsY1SaFwUuykBhMuRnyAbYsRD9F0s9mqE3YcxJrRENns/Tub8dCYcejbTMhpaOa96fA/r51ScNnNZJSkhJGwEesFqWIUs2lj1pcaBamxBS60tFsyMeSaC7J3Kdr63nzZRWicVTy34t2dl6tX+SEKcAhHcAIeXEAVbqAGdRAwgGd4g3cncJ6cF+f1J7rk5H8O4I+cj29waYrX</latexit><latexit sha1_base64="P8dE69bai1WlNrgtqT46V7w1c6Q=">AAAB5HicbZDLSgNBEEVrfMb4irp00xgEQQgzIugy6MaVRDQPSELo6dQkTXoedNcIYcgf6ErUnV/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHWSZLCVqKRh77Cpj+6nvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vq9Uplt+LOxBbBy6EMuWq90menH4s0xIiE4sa0PTehbsY1SaFwUuykBhMuRnyAbYsRD9F0s9mqE3YcxJrRENns/Tub8dCYcejbTMhpaOa96fA/r51ScNnNZJSkhJGwEesFqWIUs2lj1pcaBamxBS60tFsyMeSaC7J3Kdr63nzZRWicVTy34t2dl6tX+SEKcAhHcAIeXEAVbqAGdRAwgGd4g3cncJ6cF+f1J7rk5H8O4I+cj29waYrX</latexit><latexit sha1_base64="P8dE69bai1WlNrgtqT46V7w1c6Q=">AAAB5HicbZDLSgNBEEVrfMb4irp00xgEQQgzIugy6MaVRDQPSELo6dQkTXoedNcIYcgf6ErUnV/kD/g3duIsNPGuTte9DXXLT5Q05LpfztLyyuraemGjuLm1vbNb2ttvmDjVAusiVrFu+dygkhHWSZLCVqKRh77Cpj+6nvrNR9RGxtEDjRPshnwQyUAKTnZ0f3vq9Uplt+LOxBbBy6EMuWq90menH4s0xIiE4sa0PTehbsY1SaFwUuykBhMuRnyAbYsRD9F0s9mqE3YcxJrRENns/Tub8dCYcejbTMhpaOa96fA/r51ScNnNZJSkhJGwEesFqWIUs2lj1pcaBamxBS60tFsyMeSaC7J3Kdr63nzZRWicVTy34t2dl6tX+SEKcAhHcAIeXEAVbqAGdRAwgGd4g3cncJ6cF+f1J7rk5H8O4I+cj29waYrX</latexit>
N + 2
<latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit>
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…
ga
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N + 2
<latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit><latexit sha1_base64="9bRJOKhcolzFNC5CP/5XrxlOeYs=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlpgi6LLpxJRXtD7RDyaR32tBkZkgyQhn6BroSdecT+QK+jWmdhbae1Zd7TuCeGySCa+O6X05hZXVtfaO4Wdra3tndK+8ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp757UdUmsfRg5kk6Es6jHjIGTV2dH97VuuXK27VnYssg5dDBXI1+uXP3iBmqcTIMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtRlSi9rP5qlNyEsaKmBGS+ft3NqNS64kMbEZSM9KL3mz4n9dNTXjpZzxKUoMRsxHrhakgJiazxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b13Kp3d16pX+WHKMIRHMMpeHABdbiBBjSBwRCe4Q3endB5cl6c159owcn/HMIfOR/fceeK2A==</latexit>
N + 3
<latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit><latexit sha1_base64="nryThT353WG/WJpmuZCGAh3Dals=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSLIAhlRgVdFt24kor2B9qhZNI7bWgyMyQZoQx9A12JuvOJfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKHiEDcONwHaikMpAYCsYXU/91iMqzePowYwT9CUdRDzkjBo7ur89OeuVK27VnYksgpdDBXLVe+XPbj9mqcTIMEG17nhuYvyMKsOZwEmpm2pMKBvRAXYsRlSi9rPZqhNyFMaKmCGS2ft3NqNS67EMbEZSM9Tz3nT4n9dJTXjpZzxKUoMRsxHrhakgJibTxqTPFTIjxhYoU9xuSdiQKsqMvUvJ1vfmyy5C87TquVXv7rxSu8oPUYQDOIRj8OACanADdWgAgwE8wxu8O6Hz5Lw4rz/RgpP/2Yc/cj6+AXNlitk=</latexit>
−1<latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit><latexit sha1_base64="+c/IX6ScTEoMeTsarS6VxKcQRyQ=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguDHMiKDLoBuXUcwDkhB6OjVJk54H3TVCGPIFuhJ15x/5A/6NnTgLTbyr03VvQ93yEyUNue6XU1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtZtnxtUMsIGSVLYTjTy0FfY8sc3M7/1iNrIOHqgSYK9kA8jGUjByY7uz7x+ueJW3bnYMng5VCBXvV/+7A5ikYYYkVDcmI7nJtTLuCYpFE5L3dRgwsWYD7FjMeIhml4233TKToJYMxohm79/ZzMeGjMJfZsJOY3Mojcb/ud1UgquepmMkpQwEjZivSBVjGI2K8wGUqMgNbHAhZZ2SyZGXHNB9iwlW99bLLsMzfOq51a9u4tK7To/RBGO4BhOwYNLqMEt1KEBAgJ4hjd4d9B5cl6c159owcn/HMIfOR/f2XiKgQ==</latexit>−2<latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit><latexit sha1_base64="3CQAPzYofmerrb5BM8zYTd4WlSM=">AAAB43icbZDLSgNBEEVrfMb4irp00xgEN4aZIOgy6MZlFPOAZAg9nZqkSc+D7hohhHyBrkTd+Uf+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP782qvVHYr7lxsGbwcypCr3it9dvuJyCKMSShuTMdzU/InXJMUCqfFbmYw5WLEB9ixGPMIjT+Zbzplp2GiGQ2Rzd+/sxMeGTOOApuJOA3Nojcb/ud1Mgqv/ImM04wwFjZivTBTjBI2K8z6UqMgNbbAhZZ2SyaGXHNB9ixFW99bLLsMzWrFcyve3UW5dp0fogDHcAJn4MEl1OAW6tAAASE8wxu8O+g8OS/O6090xcn/HMEfOR/f2vaKgg==</latexit>
ra
<latexit sha1_base64="71w4tbl4119YaDpDRWE/BLtbF/g=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15aliw2bDecJrOQnQV3BIaUKo9rH8ORinPY0wMl0zrvutkxi+YMoJLnNUGucaM8QkbY99iwmLUfrFYdkbPwlRREyFdvH9nCxZrPY0Dm4mZifSyNx/+5/VzE177hUiy3GDCbcR6YS6pSem8Mx0JhdzIqQXGlbBbUh4xxbixl6nZ+u5y2VXoXDRdp+neXzZaN+UhqnACp3AOLlxBC+6gDR5wEPAMb/BOIvJEXsjrT7RCyj/H8Efk4xv6woxr</latexit><latexit sha1_base64="71w4tbl4119YaDpDRWE/BLtbF/g=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15aliw2bDecJrOQnQV3BIaUKo9rH8ORinPY0wMl0zrvutkxi+YMoJLnNUGucaM8QkbY99iwmLUfrFYdkbPwlRREyFdvH9nCxZrPY0Dm4mZifSyNx/+5/VzE177hUiy3GDCbcR6YS6pSem8Mx0JhdzIqQXGlbBbUh4xxbixl6nZ+u5y2VXoXDRdp+neXzZaN+UhqnACp3AOLlxBC+6gDR5wEPAMb/BOIvJEXsjrT7RCyj/H8Efk4xv6woxr</latexit><latexit sha1_base64="71w4tbl4119YaDpDRWE/BLtbF/g=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15aliw2bDecJrOQnQV3BIaUKo9rH8ORinPY0wMl0zrvutkxi+YMoJLnNUGucaM8QkbY99iwmLUfrFYdkbPwlRREyFdvH9nCxZrPY0Dm4mZifSyNx/+5/VzE177hUiy3GDCbcR6YS6pSem8Mx0JhdzIqQXGlbBbUh4xxbixl6nZ+u5y2VXoXDRdp+neXzZaN+UhqnACp3AOLlxBC+6gDR5wEPAMb/BOIvJEXsjrT7RCyj/H8Efk4xv6woxr</latexit><latexit sha1_base64="71w4tbl4119YaDpDRWE/BLtbF/g=">AAAB5nicbZDNSgMxFIVv6l+tf1WXboJFcFVmRNBl0Y3LCk5baIeSSe90QjM/JBmhDH0FXYm684F8Ad/GtM5CW8/qyz0ncM8NMim0cZwvUllb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBnhJHYyxSyOJDYDSa3c7/7iEqLNHkw0wz9mI0TEQrOjB15aliw2bDecJrOQnQV3BIaUKo9rH8ORinPY0wMl0zrvutkxi+YMoJLnNUGucaM8QkbY99iwmLUfrFYdkbPwlRREyFdvH9nCxZrPY0Dm4mZifSyNx/+5/VzE177hUiy3GDCbcR6YS6pSem8Mx0JhdzIqQXGlbBbUh4xxbixl6nZ+u5y2VXoXDRdp+neXzZaN+UhqnACp3AOLlxBC+6gDR5wEPAMb/BOIvJEXsjrT7RCyj/H8Efk4xv6woxr</latexit> ta
<latexit sha1_base64="eRDkfe03V7SRLrHEdun4RDtFIdg=">AAAB5nicbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZdOOygmkLbSiT6U0zdPLDzI1QQl9BV6LufCBfwLdxWrPQ1rP65p4zcM8NMik0Oc6XVVlb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBHgiT2MoUsDiR2g8nt3O8+otIiTR5omqEfs3EiQsEZmZFHw4LNhvWG03QWslfBLaEBpdrD+udglPI8xoS4ZFr3XScjv2CKBJc4qw1yjRnjEzbGvsGExaj9YrHszD4LU2VThPbi/TtbsFjraRyYTMwo0svefPif188pvPYLkWQ5YcJNxHhhLm1K7XlneyQUcpJTA4wrYba0ecQU42QuUzP13eWyq9C5aLpO072/bLRuykNU4QRO4RxcuIIW3EEbPOAg4Bne4N2KrCfrxXr9iVas8s8x/JH18Q39xoxt</latexit><latexit sha1_base64="eRDkfe03V7SRLrHEdun4RDtFIdg=">AAAB5nicbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZdOOygmkLbSiT6U0zdPLDzI1QQl9BV6LufCBfwLdxWrPQ1rP65p4zcM8NMik0Oc6XVVlb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBHgiT2MoUsDiR2g8nt3O8+otIiTR5omqEfs3EiQsEZmZFHw4LNhvWG03QWslfBLaEBpdrD+udglPI8xoS4ZFr3XScjv2CKBJc4qw1yjRnjEzbGvsGExaj9YrHszD4LU2VThPbi/TtbsFjraRyYTMwo0svefPif188pvPYLkWQ5YcJNxHhhLm1K7XlneyQUcpJTA4wrYba0ecQU42QuUzP13eWyq9C5aLpO072/bLRuykNU4QRO4RxcuIIW3EEbPOAg4Bne4N2KrCfrxXr9iVas8s8x/JH18Q39xoxt</latexit><latexit sha1_base64="eRDkfe03V7SRLrHEdun4RDtFIdg=">AAAB5nicbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZdOOygmkLbSiT6U0zdPLDzI1QQl9BV6LufCBfwLdxWrPQ1rP65p4zcM8NMik0Oc6XVVlb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBHgiT2MoUsDiR2g8nt3O8+otIiTR5omqEfs3EiQsEZmZFHw4LNhvWG03QWslfBLaEBpdrD+udglPI8xoS4ZFr3XScjv2CKBJc4qw1yjRnjEzbGvsGExaj9YrHszD4LU2VThPbi/TtbsFjraRyYTMwo0svefPif188pvPYLkWQ5YcJNxHhhLm1K7XlneyQUcpJTA4wrYba0ecQU42QuUzP13eWyq9C5aLpO072/bLRuykNU4QRO4RxcuIIW3EEbPOAg4Bne4N2KrCfrxXr9iVas8s8x/JH18Q39xoxt</latexit><latexit sha1_base64="eRDkfe03V7SRLrHEdun4RDtFIdg=">AAAB5nicbZDNSsNAFIVv6l+tf1WXboJFcFUSEXRZdOOygmkLbSiT6U0zdPLDzI1QQl9BV6LufCBfwLdxWrPQ1rP65p4zcM8NMik0Oc6XVVlb39jcqm7Xdnb39g/qh0cdneaKo8dTmapewDRKkaBHgiT2MoUsDiR2g8nt3O8+otIiTR5omqEfs3EiQsEZmZFHw4LNhvWG03QWslfBLaEBpdrD+udglPI8xoS4ZFr3XScjv2CKBJc4qw1yjRnjEzbGvsGExaj9YrHszD4LU2VThPbi/TtbsFjraRyYTMwo0svefPif188pvPYLkWQ5YcJNxHhhLm1K7XlneyQUcpJTA4wrYba0ecQU42QuUzP13eWyq9C5aLpO072/bLRuykNU4QRO4RxcuIIW3EEbPOAg4Bne4N2KrCfrxXr9iVas8s8x/JH18Q39xoxt</latexit>
tb→
<latexit sha1_base64="9E47DOyBY2isc0wRcDkx+aRpahI=">AAAB9nicbZC9TsMwFIWd8lfKX6Aji0WFxFQlCAnGChbGItEfqS2R4zqNVSeO7BsgivIqMCFg40F4Ad4Gt2SAljN9vudYuvf4ieAaHOfLqqysrq1vVDdrW9s7u3v2/kFXy1RR1qFSSNX3iWaCx6wDHATrJ4qRyBes50+vZn7vninNZXwLWcJGEZnEPOCUgBl5dh3ucr/w8qHikxCIUvKh8OyG03TmwsvgltBApdqe/TkcS5pGLAYqiNYD10lglBMFnApW1IapZgmhUzJhA4MxiZge5fPlC3wcSIUhZHj+/p3NSaR1FvkmExEI9aI3G/7nDVIILkY5j5MUWExNxHhBKjBIPOsAj7liFERmgFDFzZaYhkQRCqapmjnfXTx2GbqnTdfwzVmjdVkWUUWH6AidIBedoxa6Rm3UQRRl6Bm9oXfr0XqyXqzXn2jFKv/U0R9ZH9+te5Mm</latexit><latexit sha1_base64="9E47DOyBY2isc0wRcDkx+aRpahI=">AAAB9nicbZC9TsMwFIWd8lfKX6Aji0WFxFQlCAnGChbGItEfqS2R4zqNVSeO7BsgivIqMCFg40F4Ad4Gt2SAljN9vudYuvf4ieAaHOfLqqysrq1vVDdrW9s7u3v2/kFXy1RR1qFSSNX3iWaCx6wDHATrJ4qRyBes50+vZn7vninNZXwLWcJGEZnEPOCUgBl5dh3ucr/w8qHikxCIUvKh8OyG03TmwsvgltBApdqe/TkcS5pGLAYqiNYD10lglBMFnApW1IapZgmhUzJhA4MxiZge5fPlC3wcSIUhZHj+/p3NSaR1FvkmExEI9aI3G/7nDVIILkY5j5MUWExNxHhBKjBIPOsAj7liFERmgFDFzZaYhkQRCqapmjnfXTx2GbqnTdfwzVmjdVkWUUWH6AidIBedoxa6Rm3UQRRl6Bm9oXfr0XqyXqzXn2jFKv/U0R9ZH9+te5Mm</latexit><latexit sha1_base64="9E47DOyBY2isc0wRcDkx+aRpahI=">AAAB9nicbZC9TsMwFIWd8lfKX6Aji0WFxFQlCAnGChbGItEfqS2R4zqNVSeO7BsgivIqMCFg40F4Ad4Gt2SAljN9vudYuvf4ieAaHOfLqqysrq1vVDdrW9s7u3v2/kFXy1RR1qFSSNX3iWaCx6wDHATrJ4qRyBes50+vZn7vninNZXwLWcJGEZnEPOCUgBl5dh3ucr/w8qHikxCIUvKh8OyG03TmwsvgltBApdqe/TkcS5pGLAYqiNYD10lglBMFnApW1IapZgmhUzJhA4MxiZge5fPlC3wcSIUhZHj+/p3NSaR1FvkmExEI9aI3G/7nDVIILkY5j5MUWExNxHhBKjBIPOsAj7liFERmgFDFzZaYhkQRCqapmjnfXTx2GbqnTdfwzVmjdVkWUUWH6AidIBedoxa6Rm3UQRRl6Bm9oXfr0XqyXqzXn2jFKv/U0R9ZH9+te5Mm</latexit><latexit sha1_base64="9E47DOyBY2isc0wRcDkx+aRpahI=">AAAB9nicbZC9TsMwFIWd8lfKX6Aji0WFxFQlCAnGChbGItEfqS2R4zqNVSeO7BsgivIqMCFg40F4Ad4Gt2SAljN9vudYuvf4ieAaHOfLqqysrq1vVDdrW9s7u3v2/kFXy1RR1qFSSNX3iWaCx6wDHATrJ4qRyBes50+vZn7vninNZXwLWcJGEZnEPOCUgBl5dh3ucr/w8qHikxCIUvKh8OyG03TmwsvgltBApdqe/TkcS5pGLAYqiNYD10lglBMFnApW1IapZgmhUzJhA4MxiZge5fPlC3wcSIUhZHj+/p3NSaR1FvkmExEI9aI3G/7nDVIILkY5j5MUWExNxHhBKjBIPOsAj7liFERmgFDFzZaYhkQRCqapmjnfXTx2GbqnTdfwzVmjdVkWUUWH6AidIBedoxa6Rm3UQRRl6Bm9oXfr0XqyXqzXn2jFKv/U0R9ZH9+te5Mm</latexit>
tb←
<latexit sha1_base64="RqzCsBqcQkqpiRz73nV8yp8zXtQ=">AAAB9XicbZC9TsMwFIUdfkv5C2VkiaiQmKoEIcFYwcJYJPojtSVy3JvWqhNH9g2livIoMCFg40V4Ad4Gt2SAljN9vudYuvcEieAaXffLWlldW9/YLG2Vt3d29/btg0pLy1QxaDIppOoEVIPgMTSRo4BOooBGgYB2ML6e+e0HUJrL+A6nCfQjOox5yBlFM/LtCt5nQe5nPQEhUqXkJPftqltz53KWwSugSgo1fPuzN5AsjSBGJqjWXc9NsJ9RhZwJyMu9VENC2ZgOoWswphHofjbfPXdOQqkcHIEzf//OZjTSehoFJhNRHOlFbzb8z+umGF72Mx4nKULMTMR4YSoclM6sAmfAFTAUUwOUKW62dNiIKsrQFFU253uLxy5D66zmGb49r9aviiJK5Igck1PikQtSJzekQZqEkUfyTN7IuzWxnqwX6/UnumIVfw7JH1kf39Takqk=</latexit><latexit sha1_base64="RqzCsBqcQkqpiRz73nV8yp8zXtQ=">AAAB9XicbZC9TsMwFIUdfkv5C2VkiaiQmKoEIcFYwcJYJPojtSVy3JvWqhNH9g2livIoMCFg40V4Ad4Gt2SAljN9vudYuvcEieAaXffLWlldW9/YLG2Vt3d29/btg0pLy1QxaDIppOoEVIPgMTSRo4BOooBGgYB2ML6e+e0HUJrL+A6nCfQjOox5yBlFM/LtCt5nQe5nPQEhUqXkJPftqltz53KWwSugSgo1fPuzN5AsjSBGJqjWXc9NsJ9RhZwJyMu9VENC2ZgOoWswphHofjbfPXdOQqkcHIEzf//OZjTSehoFJhNRHOlFbzb8z+umGF72Mx4nKULMTMR4YSoclM6sAmfAFTAUUwOUKW62dNiIKsrQFFU253uLxy5D66zmGb49r9aviiJK5Igck1PikQtSJzekQZqEkUfyTN7IuzWxnqwX6/UnumIVfw7JH1kf39Takqk=</latexit><latexit sha1_base64="RqzCsBqcQkqpiRz73nV8yp8zXtQ=">AAAB9XicbZC9TsMwFIUdfkv5C2VkiaiQmKoEIcFYwcJYJPojtSVy3JvWqhNH9g2livIoMCFg40V4Ad4Gt2SAljN9vudYuvcEieAaXffLWlldW9/YLG2Vt3d29/btg0pLy1QxaDIppOoEVIPgMTSRo4BOooBGgYB2ML6e+e0HUJrL+A6nCfQjOox5yBlFM/LtCt5nQe5nPQEhUqXkJPftqltz53KWwSugSgo1fPuzN5AsjSBGJqjWXc9NsJ9RhZwJyMu9VENC2ZgOoWswphHofjbfPXdOQqkcHIEzf//OZjTSehoFJhNRHOlFbzb8z+umGF72Mx4nKULMTMR4YSoclM6sAmfAFTAUUwOUKW62dNiIKsrQFFU253uLxy5D66zmGb49r9aviiJK5Igck1PikQtSJzekQZqEkUfyTN7IuzWxnqwX6/UnumIVfw7JH1kf39Takqk=</latexit><latexit sha1_base64="RqzCsBqcQkqpiRz73nV8yp8zXtQ=">AAAB9XicbZC9TsMwFIUdfkv5C2VkiaiQmKoEIcFYwcJYJPojtSVy3JvWqhNH9g2livIoMCFg40V4Ad4Gt2SAljN9vudYuvcEieAaXffLWlldW9/YLG2Vt3d29/btg0pLy1QxaDIppOoEVIPgMTSRo4BOooBGgYB2ML6e+e0HUJrL+A6nCfQjOox5yBlFM/LtCt5nQe5nPQEhUqXkJPftqltz53KWwSugSgo1fPuzN5AsjSBGJqjWXc9NsJ9RhZwJyMu9VENC2ZgOoWswphHofjbfPXdOQqkcHIEzf//OZjTSehoFJhNRHOlFbzb8z+umGF72Mx4nKULMTMR4YSoclM6sAmfAFTAUUwOUKW62dNiIKsrQFFU253uLxy5D66zmGb49r9aviiJK5Igck1PikQtSJzekQZqEkUfyTN7IuzWxnqwX6/UnumIVfw7JH1kf39Takqk=</latexit>
(a) 
(b) 
ξa
<latexit sha1_base64="1G3yeSuCEN5JGvZAuf3WzMO+Qgk=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQmpaQpo6Xmku8dIJvyDroy683v8Af/GBmeh4F2drns7qVtBIoU2rvvlFFZW19Y3ipulre2d3b3y/kFTx6ni1OCxjFU7QE1SRNQwwkhqJ4owDCS1gvH1zG89kNIiju7MJCE/xGEkBoKjsaNW91H0Mpz2yhW36s7FlsHLoQK56r3yZ7cf8zSkyHCJWnc8NzF+hsoILmla6qaaEuRjHFLHYoQhaT+brztlJ4NYMTMiNn//zmYYaj0JA5sJ0Yz0ojcb/ud1UjO49DMRJamhiNuI9QapZCZms9asLxRxIycWkCtht2R8hAq5sbcp2freYtllaJ5VPcu355XaVX6IIhzBMZyCBxdQgxuoQwM4jOEZ3uDduXeenBfn9SdacPI/h/BHzsc3d/aNSg==</latexit><latexit sha1_base64="1G3yeSuCEN5JGvZAuf3WzMO+Qgk=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQmpaQpo6Xmku8dIJvyDroy683v8Af/GBmeh4F2drns7qVtBIoU2rvvlFFZW19Y3ipulre2d3b3y/kFTx6ni1OCxjFU7QE1SRNQwwkhqJ4owDCS1gvH1zG89kNIiju7MJCE/xGEkBoKjsaNW91H0Mpz2yhW36s7FlsHLoQK56r3yZ7cf8zSkyHCJWnc8NzF+hsoILmla6qaaEuRjHFLHYoQhaT+brztlJ4NYMTMiNn//zmYYaj0JA5sJ0Yz0ojcb/ud1UjO49DMRJamhiNuI9QapZCZms9asLxRxIycWkCtht2R8hAq5sbcp2freYtllaJ5VPcu355XaVX6IIhzBMZyCBxdQgxuoQwM4jOEZ3uDduXeenBfn9SdacPI/h/BHzsc3d/aNSg==</latexit><latexit sha1_base64="1G3yeSuCEN5JGvZAuf3WzMO+Qgk=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQmpaQpo6Xmku8dIJvyDroy683v8Af/GBmeh4F2drns7qVtBIoU2rvvlFFZW19Y3ipulre2d3b3y/kFTx6ni1OCxjFU7QE1SRNQwwkhqJ4owDCS1gvH1zG89kNIiju7MJCE/xGEkBoKjsaNW91H0Mpz2yhW36s7FlsHLoQK56r3yZ7cf8zSkyHCJWnc8NzF+hsoILmla6qaaEuRjHFLHYoQhaT+brztlJ4NYMTMiNn//zmYYaj0JA5sJ0Yz0ojcb/ud1UjO49DMRJamhiNuI9QapZCZms9asLxRxIycWkCtht2R8hAq5sbcp2freYtllaJ5VPcu355XaVX6IIhzBMZyCBxdQgxuoQwM4jOEZ3uDduXeenBfn9SdacPI/h/BHzsc3d/aNSg==</latexit><latexit sha1_base64="1G3yeSuCEN5JGvZAuf3WzMO+Qgk=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQmpaQpo6Xmku8dIJvyDroy683v8Af/GBmeh4F2drns7qVtBIoU2rvvlFFZW19Y3ipulre2d3b3y/kFTx6ni1OCxjFU7QE1SRNQwwkhqJ4owDCS1gvH1zG89kNIiju7MJCE/xGEkBoKjsaNW91H0Mpz2yhW36s7FlsHLoQK56r3yZ7cf8zSkyHCJWnc8NzF+hsoILmla6qaaEuRjHFLHYoQhaT+brztlJ4NYMTMiNn//zmYYaj0JA5sJ0Yz0ojcb/ud1UjO49DMRJamhiNuI9QapZCZms9asLxRxIycWkCtht2R8hAq5sbcp2freYtllaJ5VPcu355XaVX6IIhzBMZyCBxdQgxuoQwM4jOEZ3uDduXeenBfn9SdacPI/h/BHzsc3d/aNSg==</latexit>
ξb
<latexit sha1_base64="WaPnQWzGI0wY7q0/gE0DKHc1zc0=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6Xmku8ZIJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceUBsZR3c0SdAP+TCSAyk42VGr+yh7WTDtlStu1Z2LLYOXQwVy1Xvlz24/FmmIEQnFjel4bkJ+xjVJoXBa6qYGEy7GfIgdixEP0fjZfN0pOxnEmtEI2fz9O5vx0JhJGNhMyGlkFr3Z8D+vk9Lg0s9klKSEkbAR6w1SxShms9asLzUKUhMLXGhpt2RixDUXZG9TsvW9xbLL0DyrepZvzyu1q/wQRTiCYzgFDy6gBjdQhwYIGMMzvMG7c+88OS/O60+04OR/DuGPnI9veXWNSw==</latexit><latexit sha1_base64="WaPnQWzGI0wY7q0/gE0DKHc1zc0=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6Xmku8ZIJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceUBsZR3c0SdAP+TCSAyk42VGr+yh7WTDtlStu1Z2LLYOXQwVy1Xvlz24/FmmIEQnFjel4bkJ+xjVJoXBa6qYGEy7GfIgdixEP0fjZfN0pOxnEmtEI2fz9O5vx0JhJGNhMyGlkFr3Z8D+vk9Lg0s9klKSEkbAR6w1SxShms9asLzUKUhMLXGhpt2RixDUXZG9TsvW9xbLL0DyrepZvzyu1q/wQRTiCYzgFDy6gBjdQhwYIGMMzvMG7c+88OS/O60+04OR/DuGPnI9veXWNSw==</latexit><latexit sha1_base64="WaPnQWzGI0wY7q0/gE0DKHc1zc0=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6Xmku8ZIJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceUBsZR3c0SdAP+TCSAyk42VGr+yh7WTDtlStu1Z2LLYOXQwVy1Xvlz24/FmmIEQnFjel4bkJ+xjVJoXBa6qYGEy7GfIgdixEP0fjZfN0pOxnEmtEI2fz9O5vx0JhJGNhMyGlkFr3Z8D+vk9Lg0s9klKSEkbAR6w1SxShms9asLzUKUhMLXGhpt2RixDUXZG9TsvW9xbLL0DyrepZvzyu1q/wQRTiCYzgFDy6gBjdQhwYIGMMzvMG7c+88OS/O60+04OR/DuGPnI9veXWNSw==</latexit><latexit sha1_base64="WaPnQWzGI0wY7q0/gE0DKHc1zc0=">AAAB6HicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXmMgjgQnpaQpo6Xmku8ZIJvyDroy683v8Af/GBmeh4F2drns7qVtBoqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbodcINKRtggSQrbiUYeBgpbwfh65rceUBsZR3c0SdAP+TCSAyk42VGr+yh7WTDtlStu1Z2LLYOXQwVy1Xvlz24/FmmIEQnFjel4bkJ+xjVJoXBa6qYGEy7GfIgdixEP0fjZfN0pOxnEmtEI2fz9O5vx0JhJGNhMyGlkFr3Z8D+vk9Lg0s9klKSEkbAR6w1SxShms9asLzUKUhMLXGhpt2RixDUXZG9TsvW9xbLL0DyrepZvzyu1q/wQRTiCYzgFDy6gBjdQhwYIGMMzvMG7c+88OS/O60+04OR/DuGPnI9veXWNSw==</latexit>
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FIG. 1. Schematic view of the single-photon router. (a) Two
CRWs with nearest-neighbor inter-coupling. The CRWs are
intra-coupled by N cavities with embedded three-level atoms.
The N interconnected cavities constitute the scattering region
of the device. The single photon (represented by the yellow
arrow) impinges on the scattering region from the left arm of
channel a. The inset shows the atomic level scheme. The tran-
sition between the ground and excited state |gj〉 ↔ |ej〉 are
dipole-coupled to the jth cavity mode of CRW-a and CRW-b
with strength ga and gb, respectively. The transition between
the excited and the third state |ej〉 ↔ |sj〉 is driven by an ex-
ternal controlling field with Rabi frequency Ω. (b) Simplified
scheme of the router. The amplitudes of the transmission ta,
reflection ra, transfer t
b
← and, t
b
→ are represented by yellow
wavy arrows.
in what follows)
Hab =
∞∑
i=−∞
[
ωaaˆ
†
i aˆi − ξa(aˆ†i aˆi+1 + aˆ†i+1aˆi)
]
+
∞∑
i=−∞
[
ωbbˆ
†
i bˆi − ξb(bˆ†i bˆi+1 + bˆ†i+1bˆi)
]
,
HA =
N∑
j=1
[
ωe|ej〉〈ej |+ ωs|sj〉〈sj |
]
,
Hint =
N∑
j=1
[
|ej〉〈gj |(gaaˆj + gbbˆj) + Ω|ej〉〈sj |e−iνt
+ H.c.
]
, (1)
where aˆ†i (aˆi) and bˆ
†
i (bˆi) are the creation (annihilation)
operators of a single photon in the ith cavity of CRW–
a and CRW–b with frequencies ωa and ωb, respectively.
ωs and ωe are the third and excited state frequencies,
respectively. ξa and ξb are the nearest-neighbor couplings
for the waveguide a and b. Here H.c. stands for Hermitian
conjugate. The dispersion relation for the CRW–a and
CRW–b are given by Ea = ωa − 2 ξa cos ka and Eb =
ωb−2 ξb cos kb, resulting in energy bands with bandwidth
4ξa and 4ξb, respectively.
We consider the single-photon scattering process in the
rotating frame. To this end, we perform a unitary trans-
formation
H ′ = U†HU − i U† ∂
∂t
U ,
U =
N∏
j=1
eiνt|sj〉〈sj | , (2)
which turns H into a time-independent Hamiltonian
H ′ = Hab +H ′A +H
′
int with
H ′int =
N∑
j=1
[
|ej〉〈gj |(gaaˆj + gbbˆj) + Ω|ej〉〈sj |
]
+ H.c. ,
H ′A =
N∑
j=1
[
ωe|ej〉〈ej |+ ω′s|sj〉〈sj |
]
, (3)
where ω′s = ωs + ν. Hab remains invariant under this
transformation.
III. SINGLE PHOTON SCATTERING
The propagation of a single photon through the system
can be assessed by inspecting the energy spectrum of the
Hamiltonian H ′. This can be obtained by expressing the
single excitation eigenstate as
|ψE〉 =
∞∑
i=−∞
[
α(i)aˆ†i |0, g〉+ β(i)bˆ†i |0, g〉 (4)
+
N∑
j=1
ue,j |0, ej〉+ us,j |0, sj〉
]
.
Here α(i) and β(i) are the probability amplitudes to find
the photon in the ith cavity of CRW–a and CRW–b, re-
spectively. ue,j and us,j are the probability amplitudes of
the jth three-level system in the excited and third state,
respectively, and |0〉 is the vacuum state of the CRWs.
We obtain the following coupled stationary equations
for the amplitudes from the eigenvalue equation H|ψE〉 =
E|ψE〉
(E − ωe)ue,j = Ωus,j + ga,j α(j) + gb,j β(j) ,
(E − ωs)us,j = Ω∗ue,j ,
(E − ωa)α(j) = ξa[α(j + 1) + α(j − 1)] + ga,j ue,j ,
(E − ωb)β(j) = ξb[β (j + 1) + β(j − 1)] + gb,j ue,j , (5a)
where
ga(b),j =
{
0 , j < 1, j > N ,
ga(b) , 1 ≤ j ≤ N .
(5b)
3From (5a) we obtain the following coupled equations
(E − ω˜a,j)α(j) = −ξa [α(j + 1) + α(j − 1)] +Gj(E)β(j)
(E − ω˜b,j)β(j) = −ξb [β(j + 1) + β(j − 1)] +Gj(E)α(j)
(6)
where ω˜a(b),j(E) = ωa(b) + g
2
a(b),j V (E) and
Gj(E) = ga,j gb,jV (E) ,
V (E) =
E − ωs
(E − ωs)(E − ωe)− |Ω|2 . (7)
Under the standard scattering boundary conditions:
a plane wave incident from −∞ in the CRW–a (see
Fig. 1(b)), the photon amplitudes in the two channels
can be written as:
α(j) =
{
eikaj + ra e
−ikaj , j < 1 ,
ta e
ikaj , j > N .
β(j) =
{
tb← e
−ikbj , j < 1 ,
tb→ e
ikbj , j > N ,
(8)
where ra and ta are the reflection and transmission ampli-
tudes in the channel a, while tb← and t
b
→ being the back-
ward and forward transfer amplitudes into the channel b,
respectively [see Fig. 1(b)].
Hereafter we address the seemingly most favorable case
of the maximum overlap between the energy bands of
the two CRWs: setting ωa = ωb = ω0 and ξa = ξb = ξ.
The nearest-neighbor coupling ξ will be used as a unit of
energy throughout the paper. Additionally, we consider
equal atom-to-CRW mode couplings ga,j = gb,j = g.
In order to solve Eq. (6) the following transformation
is performed: instead of considering the photon ampli-
tudes α(j) and β(j) in the physical channels a and b, we
consider the symmetric (S) and antisymmetric (A) lin-
ear combinations of them: ψ±(j) = α(j) ± β(j). In the
S −A representation, Eqs. (6) reduce to
(E − ε+)ψ+(j) = −ξ[ψ+(j + 1) + ψ+(j − 1)] ,
(E − ε−)ψ−(j) = −ξ[ψ−(j + 1) + ψ−(j − 1)] , (9)
where the effective site energies are ε+j = ω0 + 2Gj(E)
and ε− = ω0.
In the S −A representation, the scattering boundary
conditions are written as
ψ+(j) =
{
eik+j + r+ e
−ik+j , j < 1 ,
t+ e
ik+j , j > N .
ψ−(j) =
{
eik−j + r− e−ik−j , j < 1 ,
t− eik−j , j > N .
(10)
where t± and r± are the transmission and reflection am-
plitudes in the virtual A− S channels. From Eqs. (9)
evaluated at the boundary of the scattering region (j = 0,
j = 1, j = N and j = N + 1) along with Eqs. (10), one
can obtain closed expressions for the transmission t±, and
reflections r±. As A-channel is equivalent to a free chan-
nel with energy ω0, then the incident wave is transmitted
without reflection and unity transmission amplitude, i.e.
r− = 0 and t− = 1. Then, r+ and t+ are obtained
r+ =
eik(cos k − cos k+)
cos k cos k+ − 1− i cot(Nk+) sin k sin k+ ,
t+ =
e−ikN sin k sin k+
sin k sin k+ cos(Nk+)+i(cos k cos k+−1) sin(Nk+) ,
k+ = arccos
(
−E − ε
+
2ξ
)
, if |E − ε
+
2ξ
| ≤ 1 . (11)
Once transmission and reflection amplitudes in the vir-
tual S and A channels are known, one can obtain these
quantities for the physical channels a and b in the follow-
ing way:
ra = t
b
← =
1
2
r+ ,
ta =
1
2
(t+ + 1) ,
tb→ =
1
2
(t+ − 1) . (12)
Reflection, transmission and transfer probabilities are
computed as Ra = |ra|2, Ta = |ta|2, T b← = |tb←|2 and
T b→ = |tb→|2. The scattering amplitudes satisfy the stan-
dard flow conservation condition: Ra+Ta+T
b
←+T
b
→ = 1.
FIG. 2. Schematic representation of the virtual symmetric
and antisymmetric channels labeled with + and −, respec-
tively. The amplitudes of the transmission t+, t− and, reflec-
tion r+, are represented by yellow wavy arrows.
The model in the S −A representation is shown
schematically in Fig. 2. The S-channel is analogous to an
array ofN nanowires with one or two sites side-coupled to
a quantum wire [27] or a CRW with embedded three-level
atoms [28]. Note that S and A channels are decoupled.
The effective site energy ε+j of the symmetric channel
is renormalized with respect to ω0 within the scattering
region, which results in scattering in such channel. Con-
trary to that, the site energy remains constant in the
A-channel, resulting in the free wave propagation in it.
These considerations are crucial for the explanation of
some effects that we discuss in the following sections.
4IV. SINGLE PHOTON SPLITTING
First, we address the simplest case of zero control field
(Ω = 0) when the third states |sj〉 are decoupled from
the rest of the system. In this case, an incident photon
is scattered by a set of cavities coupled by N two-level
atoms.
Figure 3 shows the transmission, reflection, and trans-
fer probabilities as functions of the incident energy E for
the resonant case ωe = ω0 = 0, g = 0.5, and different val-
ues of the number of atoms N . The spectra manifest a
very interesting feature: they are degenerate at the cen-
ter of the band (E = 0), that is, all four probabilities
are equal to 1/4. The latter equality means that after
scattering a photon can leave the system through either
of the four channel branches with equal probability. The
system can be operating therefore as a perfect “splitter”
of a photon with this energy. As the number of atoms
increases, a flat sub-band is formed about the degeneracy
point (E = ωe = 0). Within this sub-band the transmis-
sions, reflections, and transfers remain very close to 1/4.
The sub-band is well defined for arrays with N ≥ 3, its
width is growing as N increases and almost saturates for
N = 5.
Another interesting feature of the transmission spectra
in Fig. 3 is the formation of side-bands of high forward
transfer probability into the channel b (T b→) and, con-
sequently, low transmission probability Ta. Figure 3(b)
shows perfect forward transfer into channel b (T b→ = 1)
at certain values of the energy of the incident photon:
see the transfer peak at E ≈ ±0.6. With increasing val-
ues of N , two forward transfer sub-bands are formed,
as can be seen in Figs. 3(c) and 3(d) for E <∼ −1 and
E >∼ 1. As can also be seen from Fig. 3(d), broad peaks
of high transmission Ta (and low transfer T
b
→) appear in
the vicinity of high transfer sub-bands: see the peaks of
Ta at E ≈ ±0.5. Such high forward transfer sub-bands
having neighboring peaks of high Ta are very useful for
photon routing or switching, which we discuss in the next
section.
Next, we look for a system configuration which would
be most appropriate for photon routing. To this end,
we show in Figure 4 the transfer spectrum as a function
of the photon energy E > 0 and the number of atoms
N . Here, the configuration optimal for photon switching
seems to be attained for N = 12, in which case both
the side-band of high transfer (dark red region) and the
neighboring sub-band of low transfer (dark blue region)
are relatively broad.
Figure 5 shows the transmission, reflection, and trans-
fer spectra as a function of the incident photon energy
E for g = 1.5 and different numbers of the atoms N .
Here, Ta, Ra, T
b
← and, T
b
→ remain constant at 1/4 within
a broader sub-band compared to the previous case of
g = 0.5. As N increases, the edges of the sub-band be-
come better defined, the bandwidth increases and satu-
rates for N ≥ 5 at a value on the order of 2g [see Fig. 5
(c) and (d)].
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FIG. 3. Spectra of single photon transmission Ta (solid black
line), reflection Ra (red dashed line), and transfers T
b
→ (blue
dashed line) and T b← (green dotted line). The spectra are
calculated for Ω = 0, ωs = ωe = ω0 = 0, g = 0.5 and different
numbers of atoms N (specified in the panels).
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FIG. 4. Density plot of the probability of forward transfer
T b→ as a function of the incident photon energy E and the
number of atoms N . The black dashed line indicates the
optimal system configuration of N = 12 atoms. The spectra
are calculated for ωe = ωs = ω0 = 0, g = 0.5, and Ω = 0
In the presence of the external electromagnetic field
(Ω 6= 0), the scattering region comprises sections of the
CRWs coupled via N three-level systems. Figure 6 shows
transmission, transfer, and reflection spectra as a func-
tion of the photon energy E and different number of
atoms N for Ω = 0.2. Contrary to the previous case
of Ω = 0, two flat almost degenerate 1/4 sub-bands are
formed. This time they are centered at E = ±Ω, which
suggests that their position can be controlled by the ex-
ternal field. The latter feature is very promising from
the point of view of real-time control of photon routing
or switching, as we argue below.
Next, we discuss the flat sub-band formation. As we
have demonstrated in the previous section, the virtual S
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FIG. 5. Single photon transmission Ta (solid black line), re-
flection Ra (red dashed line) and transfer T
b
→ (blue dashed
line) and T b← (green dotted line) spectra as a function of the
incident energy E. The spectra are calculated for parameters
Ω = 0, ω0 = ωs = ωe = 0, g = 1.5, and different numbers of
atoms specified in the panels.
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FIG. 6. Single photon transmission Ta (solid black line), re-
flection Ra (red dashed line) and transfer T
b
→ (blue dashed
line) and T b← (green dotted line) spectra as a function of the
incident energy E. The spectra are calculated for parameters
Ω = 0.2, ω0 = ωs = ωe = 0, g = 0.5, and different numbers of
atoms specified in the panels.
and A channels are decoupled, as shown schematically in
Fig. 2. First, the A-channel is equivalent to a free chan-
nel with energy ω0, where the incident wave is transmit-
ted without reflection and with unity transmission am-
plitude, i.e. r− = 0 and t− = 1 then |t−|2 = T− = 1 and
|r−|2 = R− = 0, which results in the equality Ra = T b←
[see Eqs. (12)].
Second, the effective site energy within the scattering
region of the S-channel is given by:
ε+j = ε
+(E) = ω0 + 2g
2V (E) , 1 ≤ j ≤ N .
The function V (E) [defined in Eq. (7)] has poles E±:
E± =
ωe + ωs ±D
2
, D =
√
(ωe − ωs) 2 + 4 Ω2 . (13)
Therefore, the site energy ε+(E) diverges at the poles and
effectively breaks the channel, which results in the total
reflection (or zero transmission) in the S- channel. The
physical origin of the vanishing transmission is the Fano
effect [29, 30]. A photon has two virtual paths in the S-
channel: a direct one without scattering and an indirect
path with it. The destructive interference between the
two paths results in the zero transmission.[28]
In the simplest case ω0 = ωs = ωe = Ω = 0, the
two poles are degenerate and the transmission in the S-
channel vanishes at E = 0. In the most general case, the
position of the poles depends on ωe, ωs, and Ω.
Finally, if |(E − ε+)/2ξ| > 1, the transmission t+ in
the S-channel can be rewritten as
t+ =
e−ikN sin k sinhκ+
D+
,
D+ = sin k sinhκ+ cosh(Nκ+)
+ i(cos k coshκ+ − 1) sinh(Nκ+) ,
κ+ = cosh
−1
(
−E − ε
+(E)
2ξ
)
. (14)
If E is sufficiently close to a pole, κ+  1 and we can
approximate sinhκ+N ' coshκ+N ' exp(κ+N)/2 and
consequently the transmission amplitude scales as
t+ ∼ exp(−κ+N) 1.
As the number of atoms N increases, the region of ener-
gies where this approximation is valid becomes broader
and the forbidden transmission sub-band is formed in the
S-channel. Within this sub-band t+ → 0 and r+ → 1 and
then, from Eqs. (12), one obtains ra = ta = t
b
← = −tb→ ≈
1/2 or equivalently Ra = Ta = T
b
← = T
b
→ ≈ 1/4. The
latter equality describes the flat bands in Figs. 3, 5, and
6.
The flat bands are formed about a resonance (or rather
anti-resonance) energy E± and their widths are propor-
tional to the atom-to-CRW coupling constant g. A phys-
ical explanation of the band formation is the following:
the strict degeneracy occurs due to the Fano effect only
at the resonance whose position is determined, in partic-
ular, by the atomic transition energy ωe [see Eq. (13)].
Note that a resonance also exists in the case when only
one atom is connecting the two CRWs, [11, 12]. However,
as more atoms are added to the system, a band of N al-
most resonant states is formed about ωe. This results
finally in the formation of broad flat almost degenerate
bands. Quite naturally, the atom-to-CRW coupling con-
stant g determines the width of these bands. As the
number of atoms N increases, this width grows and sat-
urates at N ≥ 5. Both effects can be seen in Figures 3-6.
The advantage of using various atoms also becomes clear:
instead of a relatively narrow one-atom resonance which
6can be very sensitive to small variations in parameters
or external noise. On the contrary, a system with many
atoms provides a broad operational band which can be
expected to be more robust to small fluctuations.
V. CONTROLLED PHOTON ROUTING
In this section, we discuss the possibilities of control
of the photon propagation. To this end, we show in Fig-
ure 7 the forward transfer probability T b→ (upper row)
and transmission probability Ta (lower row) as a function
of photon energy E and the control field Ω calculated for
N = 12, ωs = 0 (left column), and ωs = −0.6 (right
column). In Figs. 7(a) and 7(b) we observe two extended
transmission sub-bands in T b→. These regions, indicated
in dark red, correspond to a range of values of E and
Ω in which the transfer coefficient T b→ is unity or nearly
unity. A single incident photon with energy within these
regions is always transferred to channel b. Such range
corresponds to blue regions in Figs. 7(c) and 7(d), where
the transmission coefficient Ta vanishes, or it is close to
zero. This indicates that there is no transmission in the
CRW–a within such a region of parameters. In addi-
tion, there are two extended regions in Fig. 7 (indicated
in light blue) where the systems act as a single photon
splitter.
Figure 7 demonstrates the possibility of selecting one
of the two physical channels: at some particular ener-
gies, the transfer probability T b→ can be changed from
low to high by changing the external field Ω. That is,
when the classical field is turned off (Ω = 0), a single
photon from channel a exits by this channel with prob-
ability unity (Ta = 1) [see the red region in the zoom of
Fig. 7(d)]. When the external field is applied with char-
acteristics parameters inside the red region of the zoom of
Fig. 7(b), an incident single-photon can be transferred to
the CRW–b with probability T b→ = 1. As a consequence,
the routing of a single photon from CRW–a to CRW–b
can be controlled by the external field. Control of rout-
ing can be seen more clearly in Figure 8, where the cross
sections of Figure 7 are shown for the zero (left column)
and nonzero (right column) control field Ω. In the upper
row of Figure 8, the probabilities Ta ≈ 1 and T b→ ≈ 0
when the classical field is off (Ω = 0), while Ta ≈ 0 and
T b→ ≈ 1 for the field Ω = 0.85. Figures 8(a) and 8(b)
show this effect when the energy of the middle state is
resonant with the energy of the excited state. This also
occurs in Figs. 8(c) and 8(d), where the energy of the in-
termediate and excited state are detuned. A case of the
reverse switching is shown in Figs. 8(e) and 8(f), where
Ta ≈ 0 and T b→ ≈ 1 when the classical field is turned
off, and Ta ≈ 1 and T b→ ≈ 0 when the classical field with
Ω = 1.35 is on.
The two latter figures suggest that in the degenerate
case of ωs = ωe = 0, relatively high values of the control
field are necessary for routing. However, if the energy
of the third atomic level (ωs) is sufficiently detuned from
that of the excited state (ωe), then the transmission spec-
tra become asymmetric and manifest regions with very
inclined alternating bands of high and low transmission
for relatively low values of the control field Ω [see the
zooms of Fig. 7]. Thus, the transmission spectra can be
engineered in such a way that the photon propagation
can be controlled by lower classical field, which is gener-
ally advantageous. Such a possibility is demonstrated in
the middle row of Figure 8.
Controlled photon routing or selection of the output
channel is possible because all spectral features shift to-
gether with the flat bands [see Fig. 7]. As we have argued
above, positions of the flat bands are determined by the
poles E± of the function V (E), which depend on the Rabi
frequency Ω [see Eq. (13)]. Thus, by changing the Rabi
frequency Ω, the whole spectra can be shifted, switching
the system from high transmission to high transfer state
or vice versa, controlling the photon propagation.
VI. CONCLUSIONS
We studied single-photon transport in a system com-
prising two cavity resonator waveguides coupled via N
three-level atoms. One of the allowed atomic transitions
is dipole-coupled to resonator modes, while the other –
by an external classical control field. We calculated the
transmission, reflection, and transfer spectra for the case
of the maximum overlap between the two propagation
bands of the waveguides. We showed that the spectra
manifest broad flat bands within which an incident pho-
ton can scatter and leave the system through either of the
four branches of the two channels with equal probability
(1/4). Thus, the system can operate as a four-way pho-
ton ”splitter”. The width of the flat bands is determined
by the atom-to-waveguide coupling constant, while the
positions of the bands depend on the energies of atomic
states and the amplitude of the control field. The lat-
ter opens a possibility to tune the system, changing its
transmission and transfer spectra by the external field,
which also means that a photon propagating in the input
channel can be routed into one or another output chan-
nels selected by the control field. Therefore, the system
can operate also as a single-photon switch or router. In
comparison with earlier designs of photon routers, our
proposed systems have significant improvements, such as
a higher routing efficiency and a considerably broader op-
eration bandwidth. Such features make the device more
robust and less sensitive to small fluctuations or external
noise.
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